We introduce an algorithm for the efficient generation of cubic pregraphs which have a 2-factor in which each component is a quotient of C 4 . This class of pregraphs is of particular interest, since it corresponds to the class of uncoloured graphs that are the underlying graphs of Delaney-Dress graphs. We also extend the algorithm to generate Delaney-Dress graphs.
Introduction
A pregraph is a multigraph which can also contain loops and semi-edges. In this paper we will only consider connected pregraphs. A quotient of C 4 is a graph isomorphic to one of the four graphs in Figure 1 . A C q 4 -factor is a 2factor in which each component is a quotient of C 4 . A Delaney-Dress graph is a 3-edge-coloured cubic pregraph in which the components with colours 0 and 2 form a C q 4 -factor. These graphs arise during the study of periodic tilings. In the context of maps, i.e., 2-cell embeddings of a connected graph in a closed surface, they are also called symmetry type graphs. They are obtained by the taking the quotient of the dual of the barycentric subdivision 1 of the tiling or the graph with the colour preserving automorphism group of that dual. See [5, 10, 11] for more details. In [10] an algorithm to generate different classes of cubic pregraphs is presented. That article also describes a filtering algorithm which can decide in linear time whether a pregraph has a C q 4 -factor. This class of pregraphs is of particular interest, since it corresponds to the class of uncoloured graphs that are the underlying graphs of Delaney-Dress graphs.
In [10] , it is also noted that, although the filtering algorithm is efficient, a specialised algorithm for that class should be developed, since only a very small proportion of 3-edge-colourable pregraphs, i.e., the class most suited to filter the symmetry type graphs from, has this property. Once we reach 20 vertices already 99.98% of the graphs that are generated do not have a C q 4 -factor (see Table 1 ). Section 2 introduces such an algorithm. We also use this algorithm to go a step further, and also generate Delaney-Dress graphs.
Delaney-Dress graphs are of interest, since they encode information about the symmetries of a map. From the Delaney-Dress graph of a map, we can see whether the map is regular, transitive on either vertices, edges or faces, as well as several other properties [11] . Knowing which Delaney-Dress graphs exist, is therefore crucial when classifying maps. Delaney-Dress graphs also form the underlying structures for Delaney-Dress symbols which fully encode tilings together with their symmetry group. There are several examples of ad-hoc algorithms to generate specific types of Delaney-Dress symbols with applications in mathematics [3, 4] and in chemistry [5, 8] . An algorithm to generate Delaney-Dress graphs forms the basis for a general approach to this type of problems.
2 C q 4 -marked pregraphs Definition 2.1 A C q 4 -marked pregraph is a cubic pregraph in which all the edges of a given C q 4 -factor are coloured with colour 0 and all other edges with n colourable has C q 4 -factor ratio Table 1 : Comparison of the number of 3-edge-colourable pregraphs on n vertices and the number of pregraphs with a C q 4 -factor on n vertices.
3 Figure 2 : A barbed path has two different C q 4 -factors when its order is even and two isomorphic C q 4 -factors otherwise.
Note that the colouring in a C q 4 -marked pregraph clearly is not a proper edge-colouring as each vertex is incident to two edges of colour 0. It is also clear that the underlying uncoloured graph of a C q 4 -marked pregraph is a pregraph which has a C q 4 -factor. The following theorem shows that for a given n for almost all C q 4 -markable pregraphs on n vertices there is a unique C q 4 -factor up to isomorphism. First we repeat the definition of a few families of graphs that were already defined in [10] and also define some new families.
Given a pregraph P , a ladder in P is a maximal subgraph of P that is isomorphic to the graph cartesian product of K 2 and the path P n with n vertices for some n ≥ 2.
A prism is a graph that is isomorphic to the graph cartesian product of K 2 and C n for some n > 2.
A Möbius ladder is a graph that is isomorphic to the graph on vertices 0, . . . , 2n − 1 with vertex i adjacent to (i − 1) mod 2n, (i + 1) mod 2n and (i + n) mod 2n where n > 1.
A crown is a cycle with each vertex additionally incident to one semiedge.
A barbed path is a path where the end points are additionally incident to two semi-edges, and all other vertices are additionally incident to one semi-edge. See Figure 2 for an example.
A double-closed ladder is a graph isomorphic to the graph cartesian product of K 2 and the path P n with n vertices for some n ≥ 2, with the vertices corresponding to the same end point of the path additionally connected by an extra edge. See Figure 3 for an example.
A double-open ladder is a graph isomorphic to the graph cartesian product of K 2 and the path P n with n vertices for some n ≥ 2, with each vertex An open-closed ladder is a graph isomorphic to the graph cartesian product of K 2 and the path P n with n vertices for some n ≥ 2, with the vertices corresponding to one end point of the path additionally connected by an extra edge, and the vertices corresponding to the other end point additionally incident to a semi-edge. See Figure 3 for an example. Lemma 2.2 A cubic pregraph P on at least 4 vertices has a unique partition into ladders, subgraphs induced by digons not contained in a ladder and the components of the subgraph induced by the complement of these.
Proof : Since P is cubic, the intersection of two ladders in P , respectively of two digons in P , is empty. The definition of the partition does not allow a vertex to be in two different types of parts of the partition. This proves the lemma. Each C q 4 -markable pregraph has at most two non-isomorphic C q 4 -factors.
Proof : It is easily verified that the C q 4 -factor is unique for all C q 4 -markable pregraphs on 1 and 3 vertices and that there are exactly 2 C q 4 -markable pregraphs on 2 vertices that have 2 non-isomorphic C q 4 -factors. A crown on n ≥ 4 vertices is C q 4 -markable if n is even. A C q 4 -markable crown has two isomorphic C q 4 -factors, corresponding to the two 1factors of the cycle.
A Möbius ladder on n ≥ 4 vertices is C q 4 -markable if n is divisible by four. A Möbius ladder on four vertices has three isomorphic C q 4factors. A C q 4 -markable Möbius ladder on more than four vertices has two isomorphic C q 4 -factors. A prism on n ≥ 4 vertices is C q 4 -markable if n is divisible by four. A prism on four vertices does not exist. A prism on eight vertices is a cube. It is easily seen that a cube has three isomorphic C q 4 -factors: each C q 4 -factor corresponds to the edges of two opposite 'faces' of the cube when viewed as a solid. A C q 4 -markable prism on n > 8 vertices has two isomorphic C q 4 -factors. Let P be a pregraph on n ≥ 4 vertices which has a C q 4 -factor and is not a crown, Möbius ladder or prism. We will show that, except in a few cases, there is only one C q 4 -factor in P . Owing to Lemma 2.2, P has a unique partition into ladders, subgraphs induced by digons not contained in ladders and the components of the subgraph induced by the complement of these.
If P contains a digon that is not contained in a ladder, then at least one of the two vertices x and y of the digon is incident to an edge e that is not a semi-edge and that is not contained in the digon. Since e is not contained in a C 4 or a digon, and at least one of the vertices of e is not incident to a semi-edge, e can not be part of a quotient of C 4 , and so the original digon is part of the C q 4 -factor.
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If P contains a ladder, then there are two possible situations. The first case is that there is a boundary vertex x of the ladder (a vertex not contained in an edge that is the intersection of two 4-cycles) that is incident to an edge e that is not a semi-edge and is not contained in a C 4 . Using a similar argumentation as with the digon, it is easy to see that e cannot be contained in a quotient of C 4 . This means that the C 4 which contains x is part of any C q 4 -factor of P . This also fixes any C q 4 -factor in this ladder. The second case is that the ladder contains all the vertices of P , but P is not a prism or a Möbius ladder. In this case we can look at the boundary vertices to determine the possible C q 4 -factors. Assume first that there are two boundary vertices which are connected by an edge e which is not contained in a C 4 or a digon. Again e cannot be contained in a quotient of C 4 and this implies that also in this case the C q 4 -factor is unique. There are still 3 graphs containing ladders which we have not discussed. These graphs are the double-closed ladder, the double-open ladder and the open-closed ladder.
Let us first consider the double-closed ladder. The edges at one side contained in a digon are in two ways contained in a quotient of C 4 : either the digon itself is the quotient, or one of the edges of the digon together with the rest of the C 4 in which it is contained is the quotient. In both cases the rest of the C q 4 -factor is unique for the whole graph. In case n mod 4 ≡ 0 this means that there are two non-isomorphic C q 4marked pregraphs, and in case n mod 4 ≡ 2 there are two isomorphic C q 4 -marked pregraphs. Next we look at the double-open ladder. Again there are two ways the edges at one side can be contained in a C q 4 -factor and also in this case this means that there are two non-isomorphic C q 4 -marked pregraphs when n mod 4 ≡ 0 and two isomorphic C q 4 -marked pregraphs when n mod 4 ≡ 2.
Finally we have the open-closed ladder. Again the edges at one side contained in a digon are in two ways contained in a quotient of C 4 , but here these two C q 4 -factors are non-isomorphic for all n. The C q 4 -factor is fixed in ladders and in digons that are not part of a ladder. The last step is to fix the C q 4 -factor in the rest of P . By definition a vertex in this remainder is not contained in a digon or a C 4 . So for any C q 4 -factor of P , all vertices in the remainder will be in components isomorphic to q 3 or q 4 . This implies that each vertex 7 in the remainder is incident to at least one semi-edge. Since P is not a crown, we find that this remainder consists of paths where each vertex is additionally also incident to at least one semi-edge. First assume that an end vertex x of such a path is incident to exactly one semi-edge. As we saw earlier, this implies that in P the vertex x is incident to an edge e that has a non-empty intersection with a digon or a ladder, and thus e cannot be contained in a quotient of C 4 . This again fixes the C q 4 -factor for the whole path and we find that there is a unique C q 4 -factor for P in this case. So assume now that both end vertices are incident to exactly two semiedges. This is only possible if P is a barbed path. If we look at one of the end vertices of P in this case, we see that this vertex is contained in a quotient of C 4 in two ways: either the two semi-edges are the quotient, or one of the two semi-edges, the third edge and the semi-edge at the neighbouring vertex are the quotient. Either choice fixes the C q 4 -factor for the whole graph. In case n is even, this means that there are two non-isomorphic C q 4 -factors in this pregraph, and in case n is odd, both C q 4 -factors are isomorphic.
Due to the previous theorem we can easily modify a generation algorithm for C q 4 -marked pregraphs to also generate pregraphs which have a C q 4 -factor. We just need to output the underlying graphs and make sure that we correctly handle the small number of graphs which lead to isomorphic unmarked pregraphs.
So let us look at how we can generate C q 4 -marked pregraphs. We start by refining the unique partition into subgraphs induced by ladders, subgraphs induced by digons not contained in ladders and the components of the subgraph induced by the complement of these. For C q 4 -marked pregraphs, we can refine this partition such that each part contains only one type of quotients of C 4 (see Figure 1 ).
Definition 2.4 Given a C q
Such a partition is unique for each C q 4 -marked pregraph P . The different subgraphs in a block partition are called blocks. Figure 4 shows representatives of all possible maximal subgraphs induced by marked quotients of type q 1 . These blocks can be determined by starting from a ladder with an order that is divisible by four and adding edges between the vertices of degree 2 or adding a semi-edge to these vertices. This was done by a straightforward ad-hoc script, since no specialised techniques are needed for this small set of blocks. Figure 5 , respectively Figure 6 , shows representatives of all possible maximal subgraphs induced by marked quotients of type q 2 , respectively of type q 3 . Figure 7 shows all possible subgraphs induced by marked quotients of type q 4 .
We use block partitions to generate the C q 4 -marked pregraphs. This generation process happens in several phases. To generate all the C q 4 -marked pregraphs with n vertices, we start by generating all lists of blocks such that the sum of the orders of the blocks is equal to n. This is done by a simple orderly algorithm without many optimisations since the time spent in the generation of these lists is negligible compared to the rest of the generation process. Since each C q 4 -marked pregraph corresponds to exactly one such list of blocks, different lists will result in different C q 4 -marked pregraphs. We can perform a few tests to discard lists that are not realisable as a block partition of a C q 4 -marked pregraph. We can view a C q 4 -marked pregraph with a block partition as a multigraph: the vertices of the multigraph are the blocks of the block partition, the edges of the multigraph are the edges between the blocks. This means that when we have a list of blocks we can check whether the degree sequence that corresponds to that list is realisable as a multigraph without loops. We use the characterisation by Owens and Trent [1] to check whether a degree sequence is realisable as a loopless multigraph.
Not all lists for which the corresponding degree sequences are realisable will occur as block partition of a C q 4 -markable pregraph. Another restriction we need to take into account when connecting the blocks is that not every connection is valid. A condition for the unicity of the block partition was that the blocks were maximal. This means that connecting a q 2 block to a q 2 block or a q 3 block to a q 3 block is not allowed. Neither is it allowed to connect two q 1 blocks such that two of the connecting edges are part of a C 4 . So we can add the following test to discard some more blocks: if more than half of the connections are connections at q 2 blocks or more than half of the connections are connections at q 3 blocks, then this list will not be realisable. • the degree sequence corresponding to L is multigraphic,
• half or less than half of the missing connections lie in q 2 blocks, and
• half or less than half of the missing connections lie in q 3 blocks.
Once we have a list we need to try and add the connections in all possible ways.
Definition 2.5 A partial C q 4 -marked pregraph is a not necessarily connected pregraph P in which all the edges of a given C q 4 -factor are coloured with colour 0 and all other edges with colour 1 and where all vertices have either degree 2 or degree 3.
The vertices with degree 2 are called the deficient vertices of P .
Definition 2.6 Denote by B(P ) the block list corresponding to the unique block partition of P . Given a block list L, denote by B L the set of partial C q 4 -marked pregraphs with a block partition isomorphic to L.
A block list corresponds in a trivial way to a partial C q 4 -marked pregraph. We construct a new partial C q 4 -marked pregraph by connecting two deficient vertices. The new partial C q 4 -marked pregraph has two deficient vertices less than the original graph. Once we have a partial C q 4 -marked pregraph with no deficient vertices we have found a C q 4 -marked pregraph. To generate the C q 4 -marked pregraphs we use the principle of closed structures [7, 9] .
Definition 2.7 A marked subgraph of a partial C q 4 -marked pregraph P is a subgraph P s of P such that P s is a partial C q 4 -marked pregraph and the colours of the edges in P s is the same as the colours of the edges in P .
A partial C q 4 -marked pregraph P ′ is an extension of a partial C q 4 -marked pregraph P if P is a marked subgraph of P ′ , and P ′ and P have the same number of vertices. A partial C q 4 -marked pregraph P is closed if for any two extensions P 1 and P 2 of P we have that any isomorphism between P 1 and P 2 induces an automorphism of P .
The partial C q 4 -marked pregraph P in Figure 8 is not closed since the two extensions in Figure 9 are isomorphic, but the isomorphism maps the vertex in the bottom right to the vertex in the bottom left and vice versa. Clearly this does not induce an automorphism of P since these vertices have different degrees in P .
The partial C q 4 -marked pregraph corresponding to a block list L is a closed partial C q 4 -marked pregraph since any connection that would create a subgraph that is a block leads to a partial C q 4 -marked pregraph that is not in B L .
The advantage of this technique with closed structures is that if the closed partial C q 4 -marked pregraph P has a trivial symmetry group, no two different extensions of P will be isomorphic, and so no isomorphism rejection is needed once a closed graph with trivial symmetry appears in the generation process. Clearly we want to reach such a closed partial C q 4 -marked pregraph as soon as possible during the generation. The following lemma shows a way how a new closed partial C q 4 -marked pregraph can be obtained when starting with a closed partial C q 4 -marked pregraph.
Lemma 2.8 Let P be a closed partial C q 4 -marked pregraph. Let O be an orbit of deficient vertices under the automorphism group of P . Let P ′ be an extension of P so that no vertex from O is deficient and no edges in P ′ \ P have an empty intersection with O. Then P ′ is also a closed partial C q 4 -marked pregraph.
Proof : Assume we have two extensions P ′ 1 and P ′ 2 of P ′ . We need to prove that if there is an isomorphism σ between P ′ 1 and P ′ 2 , this isomorphism induces an automorphism of P ′ . Since P is closed, we have that σ induces an automorphism of P .
Assume that there is an isomorphism σ : P ′ 1 → P ′ 2 that does not induce an automorphism of P ′ . So there exist vertices x, y in P ′ , such that x and y are adjacent in P ′ , and σ(x) and σ(y) are not adjacent in P ′ . As P is a subgraph of P ′ , it cannot be that σ(x) and σ(y) are adjacent in P , so we have that x and y are non-adjacent in P . This means at least one of the two vertices x and y belongs to O, so assume that x ∈ O. As σ induces an automorphism on P , this means that σ(x) ∈ O and so in P ′ σ(x) is adjacent to another vertex, say z. Since x is adjacent to y in P ′ 1 , σ(x) is adjacent to σ(y) in P ′ 2 , but this contradicts that σ(x) is not a deficient vertex in P ′ .
So we find that for any two extensions P ′ 1 and P ′ 2 , there is no isomorphism between P ′ 1 and P ′ 2 that does not induce an automorphism of P ′ and thus P ′ is a closed partial C q 4 -marked pregraph.
We want to go from closed partial C q 4 -marked pregraphs to closed partial C q 4 -marked pregraphs as 'fast' as possible, that is why we will each time select the smallest orbit of deficient vertices and add connections to that orbit. Once we find a partial C q 4 -marked pregraph with a trivial symmetry, we can stop any isomorphism rejections and just add the remaining connections in all possible ways. We can even do this a bit sooner: it is sufficient that the symmetry group acts trivially on the deficient vertices. Theorem 2.9 Let P be a closed partial C q 4 -marked pregraph. If the automorphism group of P acts trivially on the deficient vertices of P , then all extensions of P are pairwise non-isomorphic.
Proof : Let P 1 and P 2 be two different extensions of P . Assume that there is an isomorphism σ between P 1 and P 2 . Since P is closed, the isomorphism σ induces an automorphism of P . Let e be an edge in P 1 \ P . Both vertices incident to e are deficient vertices in P , and so they are fixed by σ. This implies that the edge e is fixed by σ, so we find that all edges in P 1 \ P are fixed by σ, which contradicts that P 1 and P 2 are different extensions.
In summary, we use the following algorithm to generate the C q 4 -marked pregraphs with n vertices:
1. Generate all acceptable lists of blocks such that the sum of the orders of the blocks is n.
2. For each list construct the corresponding partial C q 4 -marked pregraph P and recursively repeat the following steps :
(a) If P has no deficient vertices: output P and return.
(b) Compute the automorphism group of P and compute the orbits of deficient vertices of P .
(c) If Aut(P ) acts trivial on the set of deficient vertices of P , then complete P by adding the remaining connections in all possible valid ways and output any complete C q 4 -marked pregraph obtained this way.
(d) Otherwise choose the smallest orbit O and connect all vertices in
O to deficient vertices in all valid ways that give non-isomorphic partial C q 4 -marked pregraph and repeat these steps for this new partial C q 4 -marked pregraph.
The fact that this algorithm moves from closed partial C q 4 -marked pregraph to closed partial C q 4 -marked pregraph is not sufficient to guarantee that no pairwise isomorphic structures are output. Although all extensions of a closed partial C q 4 -marked pregraph are pairwise non-isomorphic, it might still be possible that they are isomorphic to extensions of another partial C q 4 -marked pregraph. That this is not the case still needs to be proven.
Definition 2.10 A partial C q 4 -marked pregraph P is strongly closed in a set S of partial C q 4 -marked pregraphs, if all partial C q 4 -marked pregraphs in S that contain a subgraph isomorphic to P are extensions of P . Lemma 2.11 Let L be the block list under consideration in Step 2 in the algorithm above. The partial C q 4 -marked pregraphs to which the recursive step is applied, are strongly closed in B L .
Proof : Due to Lemma 2.8, the graphs to which the recursive step is applied are closed. It is also clear that the initial partial C q 4 -marked pregraph that corresponds to the block list L without connections is strongly closed in the set B L .
What remains to be proven is that if a partial C q 4 -marked pregraph P is strongly closed in B B(P ) , O is an orbit of deficient vertices of P under the automorphism group of P and P ′ is an extension of P such that all vertices in O are no longer deficient and no edges were added that have an empty intersection with O, then P ′ is also strongly closed in B B(P ) .
Given a partial C q 4 -marked pregraph P ′′ such that B(P ′′ ) = B(P ) and that P ′′ contains a subgraph P ′ s that is isomorphic to P ′ . As P ′ is an extension of P , P ′ s also contains a subgraph that is isomorphic to P , and thus P ′ s is an extension of P . Since P is closed, we have that the isomorphism between P ′ s and P ′ induces an automorphism of P . Since O is an orbit under the automorphism group of P , O is mapped onto O. This means that both P ′ and P ′ s are extensions of P and for both partial C q 4 -marked pregraphs the same orbit of deficient vertices was chosen in step 2d of the algorithm above. In step 2d only pairwise non-isomorphic partial C q 4 -marked pregraphs are generated, so we find that P ′ = P ′ s . So we have that P ′′ is an extension of P ′ , which proves that P ′ is strongly closed in B B(P ) . Theorem 2.12 The algorithm above outputs exactly one representative of every isomorphism class of C q 4 -marked pregraph with n vertices.
Proof : This theorem follows from Lemma 2.8 and Lemma 2.11, together with the fact that each C q 4 -marked pregraph has a unique block partition.
When we construct the partial C q 4 -marked pregraph P corresponding to a list we also construct the automorphism group of P , i.e., we construct a set of generators for the automorphism group based upon the automorphisms of the blocks and the isomorphism of similar blocks. For further computations of the automorphism group we use the program nauty [2] .
For step 2d we use McKay's canonical construction path method [6] . Given a partial C q 4 -marked pregraph P and an orbit O of deficient vertices, we first calculate the orbits of unordered pairs of deficient vertices {x, y} such that {x, y} ∩ O is not empty. For each orbit of unordered pairs we choose one pair in that orbit and connect these vertices if this is a valid connection. There are two reasons why a connection could be invalid: it might create a new block, or it might create a subgraph which does not contain all the vertices and does not contain any deficient vertices. In case this is a valid connection, we still need to verify that it is the canonical operation to obtain the resulting partial C q 4 -marked pregraph P ′ . This is done by labelling each vertex v with a 2-tuple (x 1 , x 2 ). In this tuple x 1 is the label of v in a canonical labelling of P and x 2 is the label of v in a canonical labelling of P ′ . This operation is accepted if and only if the new connection is in the orbit of connections in P ′ which have a non-empty intersection with O and for which the vertices have the lexicographically smallest vertex labels. It is often not needed to construct a canonical labelling of P ′ , since the operation can already be discarded as being not canonical based on the values of x 1 for the vertices.
Delaney-Dress graphs
Given a Delaney-Dress graph G we can easily construct a C q 4 -marked pregraph P from G by marking the edges with colour 0 and colour 2 and then removing all original colours. When we want to generate Delaney-Dress graphs from C q 4 -marked pregraphs, then we want to go in the other direction, i.e., we need to assign colours 0 and 2 to the marked quotients of C 4 in the C q 4 -marked pregraph. Clearly the construction above leads to a unique C q 4 -marked pregraph corresponding to a Delaney-Dress graph, and so different C q 4 -marked pregraphs will lead to different Delaney-Dress graphs. We need to check that different colour assignments do not lead to isomorphic Delaney-Dress graphs. In the cases where this does happen, we only accept one of these isomorphic copies.
A first observation we can make is that if we swap the colours in a quotient of type q 2 or in a quotient of type q 4 , we always get an isomorphic Delaney-Dress graph. We indeed always have the isomorphism that fixes all the vertices and all the edges that are not in that quotient and that interchanges the two edges, resp. semi-edges, in that quotient. This means that we can just choose an arbitrary colouring for these quotients and can focus the isomorphism rejection on the quotients of type q 1 and the quotients of type q 3 .
Given a partially coloured Delaney-Dress graph D such that the uncoloured subgraphs are quotients of type q 1 and of type q 3 , the set of uncoloured quotients is denoted by U . Note that if n is the number of vertices in D, then U contains at most n 2 elements and in most cases it will be much less than that. We can define a bijection between the set of valid colour assignments for D and the set of binary vectors with length |U |. We start by choosing a matching (i.e., two non-adjacent edges) in each quotient of type q 1 . For a quotient u of type q 1 we denote this matching by m(u). We also label the quotients in U with the numbers 1 to |U |.
A colouring c is mapped to a binary vector v c as follows. The ith coordinate of v c corresponds to the uncoloured quotient u ∈ U that has label i. If u is of type q 1 , then the ith coordinate of v c is equal to 0 if the edges in m(u) receive colour 0, and is equal to 1 if these edges receive colour 2. If u is of type q 3 , then the ith coordinate of v c is equal to 0 if the semi-edges in u receive colour 0, and is equal to 0 otherwise.
Given an automorphism σ of D and a binary vector v c corresponding to a colouring c, we can easily construct the binary vector v ′ c that corresponds to the colouring c ′ of D when we would apply σ to the coloured Delaney-Dress graph. The automorphism σ will map a quotient u ∈ U to another quotient u ′ ∈ U , and clearly u and u ′ will be of the same type. If for each vertex the factor in which it is contained is known, it is sufficient to know the image of one vertex of u to determine u ′ . In case u is of type q 3 , then the coordinate in v ′ c corresponding to u ′ will have the same value as the coordinate in v c corresponding to u. In case u is of type q 1 , then we need to check whether m(u) is mapped to m(u ′ ) by σ. (For this it is sufficient to know the image of one edge of m(u).) If this is the case, then the coordinate in v ′ c corresponding to u ′ will have the same value as the coordinate in v c corresponding to u. Otherwise they will have different values.
This means that we can perform the orbit calculations on the set of binary vectors. We use the union-find algorithm on the set of all binary vectors with length |U | to find which coloured Delaney-Dress graphs are isomorphic.
Testing
Small errors are always easily made in both mathematical proofs and computer programs. In computer programs however, they are often more concealed and less subject to scrutinous checking. It is therefore important to perform tests of the computer programs. Preferably using indepently written programs based on different algorithms.
The numbers of C q 4 -markable pregraphs up to 20 vertices have been compared to the numbers obtained in [10] . Since the techniques used in both cases are very different this offers an independent test for the implementation. The program used in [10] had already itself been compared to manual results.
The numbers of Delaney-Dress graphs up to n = 10 vertices have been compared to the results obtained in [11] .
Results
The algorithms described in this article have been implemented in C as the program ddgraphs. It is available at [12] . Table 2 gives an overview of the numbers of block lists, the numbers of C q 4 -marked pregraphs and the numbers of C q 4 -markable pregraphs on up to n = 35 vertices. Table 3 shows an overview of the numbers of Delaney-Dress graphs on up to n = 35 vertices.
The numbers for graphs on more than 30 vertices were obtained by splitting the generation is several parts. This was done by generating the block lists and distributing which block lists needed to be extended. Since the generation of the block lists is negligable compared to the remaining generation process, this splitting in parts can be done very efficiently. Table 2 : An overview of the number of block lists, the number of C q 4 -marked pregraphs and the number of C q 4markable pregraphs with n vertices. For each coloumn the time needed to generate those structures using the program ddgraphs is given. For the C q 4 -markable pregraphs also the time needed by pregraphs is given [10] . All timings were done on a 2.40 GHz Intel Xeon. 
